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Abstract
We consider the pointwise weighted approximation by Bernstein operators with inner
singularities. The related weight functions are weights w¯(x) = |x − ξ|α(0 < ξ < 1, α > 0).
In this paper we give direct and inverse results of this type of Bernstein polynomials.
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1 Introduction
The set of all continuous functions, defined on the interval I, is denoted by C(I). For any














xk(1− x)n−k, k = 0, 1, 2, . . . , n, x ∈ [0, 1].
Approximation properties of Bernstein operators have been studied very well. Berens and
Lorentz showed in [1] that
Bn(f, x)− f(x) = O(( 1√
n
δn(x))
α1)⇐⇒ ω1(f, t) = O(tα1),






It is well known that approximation of functions with singularities by polynomial is of special
value in both theories and applications. As an important type of polynomial approximation,
approximation of functions by Bernstein operators is an important topic in both approxi-
mation theory and computational theory, which plays an important role in neural networks,
fitting date, curves, and surfaces. Some work has been done by [2]. Throughout the paper,





Let w¯(x) = |x − ξ|α, 0 < ξ < 1, α > 0 and Cw¯ := {f ∈ C([0, 1] \ {ξ}) : lim
x−→ξ
(w¯f)(x) = 0}.
The norm in Cw¯ is defined by ‖f‖Cw¯ := ‖w¯f‖ = sup
06x61
|(w¯f)(x)|. Define
W 2w¯,λ := {f ∈ Cw¯ : f ′ ∈ A.C.((0, 1)), ‖w¯ϕ2λf ′′‖ <∞}.
For f ∈ Cw¯, the weighted modulus of smoothness is defined by






∆2hϕf(x) = f(x+ hϕ(x)) − 2f(x) + f(x− hϕ(x)),
−→△2hf(x) = f(x+ 2h) − 2f(x+ h) + f(x),←−△2hf(x) = f(x− 2h) − 2f(x− h) + f(x),
and ϕ(x) =
√





10x3 − 15x4 + 6x5, 0 < x < 1,
0, x 6 0,
1, x > 1.
Obviously, ψ is non-decreasing on the real axis, ψ ∈ C2((−∞,+∞)), ψ(i)(0) = 0, i =





















x2 − x1 ), ψ¯2(x) = ψ(
x− x3




x1 − x4 f(x1) +
x1 − x
x1 − x4 f(x4),
the linear function joining the points (x1, f(x1)) and (x4, f(x4)). And let
F¯n(f, x) := F¯n(x) = f(x)(1− ψ¯1(x) + ψ¯2(x)) + ψ¯1(x)(1 − ψ¯2(x))P (x).




f(x), x ∈ [0, x1] ∪ [x4, 1],
f(x)(1− ψ¯1(x)) + ψ¯1(x)P (x), x ∈ [x1, x2],
P (x), x ∈ [x2, x3],
P (x)(1 − ψ¯2(x)) + ψ¯2(x)f(x), x ∈ [x3, x4].
Evidently, F¯n is a positive linear operator which depends on the functions values f(k/n), 0 6
k/n 6 x2 or x3 6 k/n 6 1, it reproduces linear functions, and F¯n ∈ C2([0, 1]) provided
2
f ∈W 2w¯,λ. Now for every f ∈ Cw¯ define the Bernstein type operator










































Obviously, B¯n is a positive linear operator, B¯n(f) is a polynomial of degree at most n, it pre-
serves linear functions, and depends only on the function values f(k/n), k/n ∈ [0, x2]∪[x3, 1].
Now we state our main results as follows:
Theorem 1. If α > 0, for any f ∈ Cw¯, we have ‖w¯B¯′′n(f)‖ 6 Cn2‖w¯f‖.
Theorem 2. For any α > 0, 0 6 λ 6 1, we have
|w¯(x)ϕ2λ(x)B¯′′n(f, x)| 6
{
Cn{max{n1−λ, ϕ2(λ−1)}}‖w¯f‖, f ∈ Cw¯,
C‖w¯ϕ2λf ′′‖, f ∈W 2w¯,λ.
Theorem 3. For f ∈ Cw¯, 0 < ξ < 1, α > 0, α0 ∈ (0, 2), we have
w¯(x)|f(x)− B¯n(f, x)| = O((n−
1
2ϕ−λ(x)δn(x))α0)⇐⇒ ω2ϕλ(f, t)w¯ = O(tα0).
2 Lemmas








)−vpn,k(x) 6 Cx−u(1− x)−v. (2.1)
Lemma 2.([2]) For any α > 0, f ∈ Cw¯, we have
‖w¯B¯n(f)‖ 6 C‖w¯f‖. (2.2)
Lemma 3.([8]) If ϕ(x) =
√













uk)du1 · · · dur 6 Chrϕr(λ−β)(x). (2.3)
Lemma 4.([2]) If γ ∈ R, then
n∑
k=0
pn,k(x)|k − nx|γ 6 Cn
γ
2ϕγ(x). (2.4)
Lemma 5. Let An(x) := w¯(x)
∑
|k−nξ|6√n
pn,k(x). Then An(x) 6 Cn
−α/2 for 0 < ξ < 1 and
α > 0.
3
Proof. If |x − ξ| 6 3√
n
, then the statement is trivial. Hence assume 0 6 x 6 ξ − 3√
n
(the case ξ + 3√
n
6 x 6 1 can be treated similarly). Then for a fixed x the maximum of
pn,k(x) is attained for k = kn := [nξ −
√






























Now from the inequalities
kn − nx = [nξ −
√




1− u 6 e−u− 12u2 , 1 + u 6 eu, u > 0,


























} 6 e−Cn(ξ−x)2 .
Thus An(x) 6 C(ξ − x)αe−Cn(ξ−x)2 . An easy calculation shows that here the maximum is
attained when ξ − x = C√
n
and the lemma follows. 




|k − nx|βpn,k(x) 6 Cn(β−α)/2ϕβ(x). (2.5)














Lemma 7. For any α > 0, f ∈W 2w¯,λ, we have




Proof. If x ∈ [x1, x4], for any f ∈W 2w¯,λ, we have
f(x1) = f(x) + f




f(x4) = f(x) + f






, n = 1, 2, · · · .
4
So
w¯(x)|f(x)− P (f, x)| 6 w¯(x)| x− x4




+w¯(x)| x1 − x




:= I1 + I2.


















Now the lemma follows from combining these results together. 
3 Proof of Theorem
3.1 Proof of Theorem 1
If f ∈ Cw¯, when x ∈ [ 1n , 1− 1n ], by [2], we have













:= A1 +A2 +A3.
By (2.2), we have
A1(x) = nϕ











|k − nx||P (k
n
)|pn,k(x)]
:= σ1 + σ2.













pn,k(x)|k − nx|[1 + n−
α















For σ2, P is a linear function. We note |P ( kn)| 6 max(|P (x1)|, |P (x4)|) := P (a). If x ∈
[x1, x4], we have w¯(x) 6 w¯(a). So, if x ∈ [x1, x4], by (2.4), then




pn,k(x)|k − nx| 6 Cn2‖w¯f‖.













So, A2 6 Cn
2‖w¯f‖. Similarly, A3 6 Cn2‖w¯f‖. It follows from combining the above inequal-
ities that the inequality is proved.
When x ∈ [0, 1n ] (The same as x ∈ [1− 1n , 1]), by [6], then





































We can deal with it in accordance with the former proofs, and prove it immediately, then
the theorem is done. 
3.2 Proof of Theorem 2
(1) We prove the first inequality of Theorem 2.
Case 1. If 0 6 ϕ(x) 6 1√
n
, by Theorem 1, we have
|w¯(x)ϕ2λ(x)B¯′′n(f, x)| 6 Cn−λ|w¯(x)B¯′′n(f, x)| 6 Cn2−λ‖w¯f‖.
Case 2. If ϕ(x) > 1√
n
, by [3], we have
B¯′′n(f, x) = B
′′














Qi(x, n) = (nx(1− x))[(2r−i)/2],

















































:= σ1 + σ2,
where A := [0, x2] ∪ [x3, 1]. Working as in the proof of Theorem 1, we can get σ1 6
Cn2−λ‖w¯f‖, σ2 6 Cn2−λ‖w¯f‖. By bringing these facts together, we can immediately get
the first inequality of Theorem 2.
(2) If f ∈W 2w¯,λ, by B¯n(f, x) = Bn(F¯n(f), x), then



























:= I1 + I2 + I3.
































































:= T1 + T2, (3.4)
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we have |k − nξ| >
√
n






















Working as the Theorem 1, we can get
T2 6 C‖w¯ϕ2λf ′′‖.
So, we can get
I1 6 C‖w¯ϕ2λf ′′‖.













6 C‖w¯ϕ2λf ′′‖. (3.5)
Similarly,
I3 6 C‖w¯ϕ2λf ′′‖. (3.6)
By bringing (3.4), (3.5) and (3.6) together, we can get the second inequality of Theorem 2. 
Corollary 1. If α > 0 and λ = 0, we have
|w¯(x)B¯′′n(f, x)| 6
{
Cn2‖w¯f‖, f ∈ Cw¯,
C‖w¯f ′′‖, f ∈W 2w¯.
Corollary 2. If α > 0 and λ = 1, we have
|w¯(x)ϕ2(x)B¯′′n(f, x)| 6
{
Cn‖w¯f‖, f ∈ Cw¯,
C‖w¯ϕ2f ′′‖, f ∈W 2w¯.
3.3 Proof of Theorem 3
3.3.1 The direct theorem
We know





(t− u)F¯ ′′n (u)du,
Bn(t− x, x) = 0.
8
According to the definition of W 2w¯,λ, for any g ∈W 2w¯,λ, we have B¯n(g, x) = Bn(G¯n(g), x).
(1) We first estimate w¯(x)|G¯n(x) − Bn(G¯n, x)| under the condition of x ∈ [ 1n , 1 − 1n ], then
ϕ2(x) < 1n , δn(x) ∼ 1√n , and
w¯(x)|G¯n(x)−Bn(G¯n, x)| = w¯(x)|Bn(R2(G¯n, t, x), x)|
thereof R2(G¯n, t, x) =
∫ t
x(t− u)G¯′′n(u)du.
It follows from |t−u|w¯(u) 6
|t−x|
w¯(x) , u between t and x, we have




































By (2.4) and (3.7), we have













(2) We estimate w¯(x)|G¯n(x) − Bn(G¯n, x)| under the condition of x ∈ [0, 1n) (The same as
x ∈ (1− 1n , 1]), ϕ(x) ∼ δn(x), now


















:= I1 + I2 + I3.
If u between kn and x, we have
| kn − u|
w¯2(u)
6

























































For I2, when u between
k






















By bringing (3.9), (3.10) and (3.11), we get the result. Above all, we have
w¯(x)|G¯n(x)−Bn(G¯n, x)| 6 C( δn(x)√
nϕλ(x)
)2‖w¯ϕ2λG¯′′n‖.
By (2.6) and the second inequality of Theorem 2, when g ∈W 2w¯,λ, then
w¯(x)|g(x)− B¯n(g, x)| 6 w¯(x)|g(x) − G¯n(g, x)| + w¯(x)|G¯n(g, x) − B¯n(g, x)|








For f ∈ Cw¯, we choose proper g ∈W 2w¯,λ, by (2.2) and (3.12), then
w¯(x)|f(x)− B¯n(f, x)| 6 w¯(x)|f(x)− g(x)|+ w¯(x)|B¯n(f − g, x)|+ w¯(x)|g(x) − B¯n(g, x)|








3.3.2 The inverse theorem
We define the weighted main-part modulus for D = R+ by





Ω2ϕλ(1, f, t)w¯ = Ω
2
ϕλ(f, t)w¯.
where C > 21/β(0)−1, β(0) > 0, and h∗ is given by
h∗ =
{
(Ar)1/1−β(0)h1/1−β(0), 0 6 β(0) < 1,
0, β(0) > 1.






{‖w¯(f − g)‖[Ch∗,∞] + t2‖w¯ϕ2λg′′‖[Ch∗,∞], g′ ∈ A.C.((Ch∗,∞))}.
By [3], we have
C−1Ω2ϕλ(f, t)w¯ 6 ω
2















Proof. Let δ > 0, by (3.14), we choose proper g so that
‖w¯(f − g)‖ 6 CΩ2ϕλ(f, t)w¯, ‖w¯ϕ2λg′′‖ 6 Cδ−2Ω2ϕλ(f, t)w¯.
then




















































6 Cn2h2ϕ2λ(x)‖w¯(f − g)‖
6 Cn2h2ϕ2λ(x)Ω2ϕλ(f, δ)w¯. (3.17)
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By the second inequality of Corollary 2 and (2.3), we have













6 Cnh2ϕ2(λ−1)(x)‖w¯(f − g)‖
6 Cnh2ϕ2(λ−1)(x)Ω2ϕλ(f, δ)w¯. (3.18)



















6 Ch2δ−2Ω2ϕλ(f, δ)w¯. (3.19)







−2Ω2ϕλ(f, δ)w¯ + h
2δ−2Ω2ϕλ(f, δ)w¯}.
When n > 2, we have
n−
1







Choosing proper x, n ∈ N, so that
n−
1




|w¯(x)∆2hϕλf(x)| 6 C{δα0 + h2δ−2Ω2ϕλ(f, δ)w¯}.
By Borens-Lorentz lemma, we get
Ω2ϕλ(f, t)w¯ 6 Ct
α0 . (3.20)
So, by (3.20), we get










τα0−1dτ = Ctα0 .
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